Plasmonic nanoparticles with silver cores and silica shells containing Eu fluorophores near the surface have been produced by wet chemistry method and their spontaneous emission properties characterized. Fluorescence amplification and decreased lifetime is interpreted within the Purcell framework which highlights the role of surface plasmon polariton modes of the nanoparticle. These behave as energy-storing resonators, with values of the Q factor between 50 and 170 at the fluorophore wavelength of 615 nm, and very small mode volumes, in the order of 10 4 nm 3 , producing high Purcell factors of over 4000. Comparison of experiment with theoretical calculations by using the Mie theory shows that the values of cavity Q factors are moderated by the nonradiative rate of fluorophore molecules close to metal. The criteria for laser action in such composite nanoparticles are also presented, including lasing frequencies and threshold gain.
INTRODUCTION
Optical cavities with their ability to strongly modify photon density of states have been attracting attention of the research community for several decades. The emergence of plasmonics has brought to the fore high level of localization of electromagnetic field in metals and significantly reduced wavelengths. This made it possible to explore plasmonic cavities supporting ultrasmall mode volumes, of great interest for applications such as sensing molecular-size substances 1 , coupling to single ''atom'' emitters for single photon sources 2 , enhanced local nonlinearities 3 and strong coupling with atomic systems 4 . The extent of the analogy between classical macroscopic cavities and nanoscale cavities in plasmonic systems has only recently been realised 5, 6 . Metal and metal-dielectric structures store energy in plasmonic oscillations, and are hence endowed with a Q factor, albeit small and limited by geometry-independent dielectric functions of the metal and the medium. Phase retardation is also possible in the presence of metal-dielectric interfaces in composite nanostructures, in complete analogy with traditional optical cavities. As a consequence, an increased fraction of electromagnetic energy may be stored in the field increasing the Q factor and strengthening photon density of states within and near the nanostructure. This increased photon density of states has major implications for the behaviour of fluorophores located in the nanostructure. They experience modified radiative and nonradiative rates which can combine to yield increased brightness, improved photostability and reduced fluorescence lifetimes. The extent of these modifications is exacerbated by ultrasmall mode volume, as a result of which composite metal-dielectric nanostructures can show high Purcell factors, comparable to high Q semiconductor micropillar cavities 7 . Furthermore, their Q factor is sufficient for lasing under suitable conditions. Here we report experimental and theoretical investigations of composite metal-dielectric nanostructures that show these extreme properties.
EXPERIMENT

Synthesis
The structures had silver cores and dielectric (SiO 2 ) shells coated with an ultrathin second SiO 2 shell doped with a lanthanide chelate BHHCT-Eu-DPBT 8 (see Figure 1 a). First, silver nanoparticle colloids were prepared by reduction of silver nitrate with trisodium citrate 9 . Freshly prepared 10 ml of 1% trisodium citrate was added dropwise within 2 min into 490 ml of boiling aqueous solution containing 90 mg of AgNO 3 under vigorous stirring. After boiling for 1 hour, the reaction solution was cooled to room temperature. The as-prepared silver colloid solution was centrifuged at 500 rpm for 1 hour to remove larger colloids. Silver colloids with different sizes were prepared from above initial colloids by using the following procedure. 20ml of initial silver colloids was added to 380 ml of boiling Nanopure water followed by the addition of 90 mg of AgNO 3 . Subsequently, 10 ml of 1% trisodium citrate was added dropwise to the suspension which was kept boiling for 30 min. This procedure leads to the formation of colloids with different silver core sizes. After cooling to room temperature, the final suspension was firstly centrifuged at 500 rpm for 1 hour to separate larger Ag colloids followed by the second-round centrifugation of supernatant at 2000 rpm for 1 hour to obtain the medium size Ag nanoparticles. In order to obtain smaller Ag colloids, the supernatant obtained after second-round centrifugation was then centrifuged at 5000 rpm for 10 min. In this way three Ag suspension with different Ag diameters of 33 ± 6 nm, 52 ± 8 nm and 82 ± 9 nm were obtained and used for further experiments.
Further, Ag/SiO 2 nanocomposites were prepared using a method reported by Liu et al 10 , with some modifications. Under vigorous stirring, 50 ml of the silver colloids solution was mixed with 200 ml of ethanol followed by the addition of 4 ml of 30% ammonium hydroxide. After alkaline initiation, different amounts (2.5, 5 or 10ml) of 10mM TEOS ethanol solution were added dropwise to the suspension. The reaction was stirred at room temperature for 24 hours. Each suspension of silica-coated silver colloids was centrifuged and washed 3 times with ethanol, followed by resuspension in 50 ml ethanol. The thickness of the silica shell was determined from TEM images and varied from ~10 nm to ~ 70 nm. The subsequent covalent conjugation of BHHCT-Eu-DPBT with such Ag/SiO 2 nanocomposites was achieved by using the following method. Typically, 500 µL of 2 mg/ml APS-BHHCT-Eu-DPBT toluene solution was added dropwise to 10 ml of Ag/SiO 2 ethanol solution under vigorous stirring followed by the addition of 0.24 ml of 30% ammonium hydroxide. After stirring for 20 minutes, 300 µL of 10 mM TEOS ethanol solution was added dropwise into the suspension to form the second silica shell. The reaction was allowed to continue for 24 hour at room temperature (see Figure 1b) . The Eu chelate-doped Ag/SiO 2 nanocomposites were centrifuged and washed 3 times with ethanol to remove excessive APS-BHHCT-Eu-DPBT, followed by resuspension in 5 ml ethanol. Measurements were performed on these stock suspensions.
Finally, BHHCT-Eu-DPBT-doped hollow silica nanoshells were prepared from the corresponding dye-doped Ag/SiO 2 nanocomposites by using the following strategy. 2 ml of 0.1M sodium cyanide solution was added to 1 ml of BHHCTEu-DPBT-doped Ag/SiO 2 nanocomposites with gentle stirring overnight to ensure complete etching of silver cores from those nanocomposites. The resulting hollow silica nanoshells were centrifuged and washed 3 times with ethanol, followed by resuspension in 1 ml ethanol. Since the Eu chelates were covalently doped in the second silica layer, the etching of silver core with cyanide ions did not cause the leakage of the chelates from the silica layer. This procedure permits the same amount of the chelates to be excited with and without silver cores, allowing more precise evaluation of the effect of silver nanoparticles than other methods by using pure silica nanoparticles as reference.
Characterization
Nanoparticle morphology was characterized by transmission electron microscopy (TEM). The TEM images were taken on a PHILIPS CM10 system at an accelerating voltage of 100 kV. The samples were prepared by placing a drop of dilute ethanol dispersion of the nanocomposites and nanoshells on the surface of a copper grid. Fluorescence spectra of samples in the solution were obtained using a Fluorolog-Tau-3 system with 450W Xe lamp excitation. The spectral width was set to 8 nm. The emission spectra were excited at 350 nm and recorded over a range of 560-670 nm. Fluorescence lifetime was measured using a purpose-built UV epi-fluorescence microscopy system (×10 objective; dichroic beam splitter (Zeiss, FT395)). A high-power UV LED with ~250 mW power at 365 nm ( ∆λ = 10nm) was used for excitation. In this work the UV LED was operated in a pulsed mode (1 kHz, 100 μs, 10% duty cycle). The values of lifetime were derived by a bi-exponential curve fitting (Origin 8.0 software) with the residual error function χ 2 value of less than 1.0.
Calculations
Calculations of Purcell factor
The calculations were performed at a computer cluster with 15 nodes, with each node based on an Intel Xeon chip E5530 @ 2.4GHz, with 8MB cache and 16 GB of RAM. The Comsol program version 3.5a, with the RF module, in its threedimensional version was used for all simulations. The Comsol program is based on the Finite Element Method (FEM), and the RF module applies it to electromagnetic calculations. The FEM scheme used in this work employs nonorthogonal grids which resolve the problem of "spurious" solutions, frequent in calculations with rectangular grids. The refractive index of the silver used in this work was taken from Ref. 11. The calculations were carried out for the boundary condition of a plane polarized electromagnetic wave at normal incidence arriving from above, and the upper and lower boundaries of the simulated regions were set to absorbing. Absorbing boundaries were also set at the structure sides. The FEM calculations of the electric field in the structures have been validated by the Mie theory. These Mie solutions have been also used to evaluate average electric fields at the fluorophore location.
Lasing criteria
We evaluated the resonance frequencies of the dipolar and higher modes in the nanoparticles by finding nontrivial solution of the Maxwell's equations that is finite at the centre of the core and tends to zero at infinity. The lasing frequency is determined by solving a system of equations derived from matching the tangential components of the electric and magnetic fields at the boundaries of the inner and outer surface of the spherical shell, in a way similar as in References 12 and 13. This matching is possible only for selected values of the wave vector of the spherical wave, which specifies the condition for real and imaginary part of a dielectric function, for each frequency.
In the calculations shown here we used the bulk dielectric function in the metal from the work by Johnson and Christy 14 which ignores the effect of "mean free path" correction applicable to nanoscale metals. However Nordlander demonstrated that these corrections are not necessary to accurately model gold nanoparticles, and that the Johnson and Christie dielectric function is adequate 15 . Nonlocal effects have also been ignored, as they begin to become pronounced only at a single nanometre scale 16 
.
On a more detailed level, the calculation of the eigenmodes of a structure made of a core surrounded by a concentric shell placed in the medium is carried out in similarly as in Reference 17. The electromagnetic field in each of the regions is expressed in terms of spherical harmonics. Since the field has to be finite in all points inside the shell core, we use the spherical Bessel function of the first kind of the l-th order, j l (k 1 r), where l is the orbital momentum quantum number, in order to describe the field of field of the l-th spherical harmonic inside the shell core. Here , and c is the speed of light. Inside the shell layer we use a combination of the spherical Hankel functions of the first and second kind, h l (1)(k 2 r) and h l (2)(k 2 r), respectively. The solution in the outside medium is sought as a spherical Hankel function h l (k 3 r) because it does not diverge at infinity, while its counterpart does. We impose the usual continuity conditions for the components of the electric and magnetic fields at internal and external surfaces of the shell. Enforcing the condition that we have only an outgoing wave in the medium determines the wave vector k 3 for each l and hence the frequency of the eigenmode (wavelength) E lmn . These are degenerate with respect to the quantum number m due to spherical symmetry, so we can take m=0. In most cases we only consider the modes with the radial quantum number n=1, and only in some cases n=2 because only such modes can be excited in a structure with radius that is smaller than the light wavelength. The dipole (quadrupole, etc) nodes correspond to l=1 (2, 3,etc) Our analytical calculations have been confirmed by numerical solution of the Maxwell's equations by using COMSOL software.
3.
RESULTS AND DISCUSSION
Spontaneous emission
Typical emission spectra of BHHCT-Eu-DPBT in Ag@SiO 2 nanocomposites (excited at below 1 mW/cm 5 D 0 → 7 F 2 transition) for samples with different Ag-core sizes and SiO 2 shell thickness with those corresponding to control samples without the metal core but with the same nanoparticle concentrations. We observed fluorescence enhancement of BHHCT-Eu-DPBT that depends both on the size of Ag core and metal-fluorophore distance. For example, our results show that in the samples fixed core size of 52 nm but with different SiO 2 shell thickness, an over tenfold (10.7) fluorescence enhancement was observed for the silica shell thickness of 12 nm and 9.5 for the 25 nm shell This is contrary to commonly accepted models that have been developed for planar geometries 18 , which do not capture the dependence on the size of the Ag core. The fluorescence enhancement factors at shorter wavelengths of 580 nm and 589 nm were relatively higher compared to that 614 nm, with a marked decrease observed at 652 nm (Figure 1 d) . This is consistent with the fact that a relatively stronger MEF effect is observed for wavelengths closer to the plasmon resonance for the examined nanoparticles, which are in the range of 350-470 nm, depending on geometry.
The measurements of fluorescence lifetime have also been carried out, confirming the metal-enhanced fluorescence effect, which is characterized by increase of fluorescence intensity accompanied by a decrease in the lifetime of a fluorophore located in the proximity of the metallic nanostructures [19] [20] [21] . To this aim fluorescence decay curves were acquired for samples with and without Ag cores, and results show that Ag@SiO 2 nanocomposites exhibit shorter lifetimes compared to the corresponding hollow silica nanoshells of 212 us ( Table 1 ). The highest decrease of the BHHCT-Eu-DPBT fluorescence decay time (from 301 µs for ethanol solution of BHCCT to 60 µs in the composite nanoparticle) was measured for the shortest metal-fluorophore distance (shell thickness) of 12 nm and the Ag core size of 52 nm.
. Figure 1 . a) Schematics of Ag/SiO 2 nanocomposites doped with BHHCT-Eu-DPBT. Dark grey -Ag core, light greyfirst SiO 2 shell, red -second SiO 2 shell, < 5 nm thick, doped with BHHCT-Eu-DPBT. b) example fluorescence spectrum of a 52 nm core 25 nm shell structure (red) and a corresponding structure without Ag core (black, c) enhancement factor for different geometries measured at 614 nm. Red: Ag core = 52 nm, different shell thicknesses, black: SiO 2 shell of 25 nm, different core radii. d) enhancement factor at different wavelengths for a 52 nm core 25 nm shell structure.
Purcell factor
The fluorescence intensity and fluorescence lifetime are determined by its spontaneous radiative rate. The spontaneous emission rate of a fluorophore located at emitting at a single frequency is given by the Fermi Golden Rule:
where is the electric dipole of the transition, is the local rms electric field and is the density of electromagnetic modes at the frequency that are available for this spontaneous decay. The density of electromagnetic modes can be controlled by placing the fluorophore in a suitably tailored dielectric environment, especially when this environment has modes that are resonant with the fluorophore transitions. An example of such environment is a resonant cavity with a (high) quality factor which amplifies the spontaneous radiative rate by a Purcell factor The Purcell factor is a simple and attractive figure of merit for cavity QED, and it has been widely used with dielectric cavities including microdisks 23 and photonic crystals 24 , and for predictions of their lasing thresholds. With the realization of first plasmonic resonators, this concept is currently being expanded 25 to include plasmonic systems 26 . This is based on the idea that metal -dielectric composite system can function as plasmonic optical cavity which stores energy mainly in the enhanced field intensity of the electromagnetic modes 27 . However, in order for the conventional Purcell formalism to apply to metal nanostructures, it needs to be recast to properly account for ohmic and radiative losses in plasmonic structures. Our analysis is applicable to arbitrary modes of the surface plasmon polaritons, and we ignore retardation effects, as well as small contributions from magnetic field energy. In cavities with ohmic and radiative losses we need to modify the factor of the relevant electromagnetic field mode and its mode volume 28, 29 . The Q factor of a mode is calculated as where is the total (excess) average energy stored in the nanostructure and the electric field modified due to the presence of the nanostructure and is the average energy loss by the nanostructure per optical cycle. The excess energy is the energy difference between the space with and without the nanoparticle where we used boundary conditions of a plane wave in order to calculate the electric field. The energy stored in the nanostructure is the sum of the electric field energy in the space surrounding the particle and the energy stored in each of the constituent materials given by:
/3/ where the energy density in each material (1,2) is determined by its complex dielectric function and the electric field ) in that material 30 .
/4/
The power loss is the sum of the Ohmic lossess in both materials and radiative losses . The Ohmic loss in each material is given by , where and . The radiative loss is given by , where is the induced dipole moment in the nanostructure, is the wavevector of light in free space and is the permeability of vacuum.
The mode volume is given by /5/ Here denotes the energy density in each material, as appropriate, and the integration is carried out over the whole space.
The FEM simulations of the Q factor and mode volume for the examined structures is shown in Figure 2 . These are calculated at the fluorophore wavelength of 615 nm, and using the refractive index of silica of 1.47 11 . The values of Q factor in the visible frequency range were surprisingly high, up to 250, due to low losses in silver. The mode volumes were very small, in the range of 10 -5 -10 -4 nm 3 . The value of Purcell factor predicted by these simulations varied between 1670 and 16600, suggesting large spontaneous emission enhancements for optical emitters placed inside the cavities formed by the nanoparticles under investigation. These values of the Purcell factor were comparable with other similar results in the literature. For example, for a plasmonic nanodisk resonator ~ 1 um in diameter, with two 100 nm Ag plates separated by ~ 50 nm dielectric, the Purcell enhancement factor of over 2000 has been found 25 .
In order to compare these results with experiment we need to carry out appropriate averaging and corrections to account for location and other properties of the fluorophore 29 . The observed radiative lifetime, , is reduced compared to the free space lifetime , in the following way:
Here the factor describes orientational matching of the dipole moment and the electric field at the fluorophore location . The dipole associated with the fundamental optical transition of the fluorophore is randomly oriented so that the averaged = 1/3. Additionally, the spontaneous emission mode is twofold degenerate, producing a factor of 2 31 . We also need to average over all the positions of the fluorophores. Thus the free radiative and that in the presence of cavity, , are related by:
where the term expresses the average electric field experienced by the fluorophores located inside the second shell relative to the maximum field. We note here that some authors include the term that accounts for the fact that the fluorophore in a cavity also radiates out into free space 29 . This is ignored here, because for low cavities, the distinction between strictly cavity modes and strictly free-space modes is less distinct than in high Q dielectric cavities, and all modes are, to some extent, modified by the cavity. The fluorophore is assumed to interact with a single mode only, at the fluorophore emission frequency, this is appropriate for narrow spectral emission discussed here, but can be easily generalised. The above formalism is concerned with properties of electromagnetic modes in the cavity and its influence on radiative decay and this approach ignores the specific circumstances of a fluorophore. In order to account for the possibility of direct absorption of fluorophore emission by metal and nonradiative decay, we introduce a phenomenological quality factor of a fluorophore 28 . These properties of the fluorophore modifiy the quality factor by 28 : . This is despite much lower factor in our nanostructures, which is compensated by very low mode volumes. The discrepancy between the values of and is related to the dissipation of energy by a fluorophore by processes other than cavity resonance (such as nonradiative decay). These are strongest in smallest nanoparticles and those where fluorophores are closest to the metal, consistent with accepted notions about energy dissipation in such plasmonic systems. 
Criteria for lasing
The presence of a resonant cavity with a comparatively high quality factor compared with metal nanoparticles and high Purcell factors indicate the possibility of lasing in such systems. The spontaneous emission coupling efficiency factor in such structures is close to unity and this has implications for low threshold lasing. In order to understand the lasing process we draw analogies with conventional laser cavities. The plasmonic nanoparticle localizes the optical wave around the metal nanostructure and induces phase shifts, thus acting like an optical cavity. The onset of lasing is possible only at those frequencies of electromagnetic field where the structure experiences a resonance condition (eigenmode). We note that a core-shell plasmonic nanoparticle with a metal core exhibits a number of eigenmodes (dipole and higher multipoles) of electromagnetic field, although some of them, especially the multipole modes are characterized by large width. Furthermore, laser action is possible only at frequencies where the medium (small-signal) gain exceeds the loss coefficient. This condition selects the cavity mode where lasing is initiated with increasing gain. These ideas are now used to establish the conditions for lasing in composite plasmonic nanoparticles.
The formalism used here is based on exact analytical solutions of the Maxwell equations in spherical geometry and it combines the Mie theory and T-matrix method 32, 33 . The calculations shown here were carried out for core-shell structures with the arrangement of layers shown in Figure 3a and they can be easily extended to structures with an arbitrary number of concentric spherical shells. In our calculations the inner sphere was made of a noble metal Au or Ag and the outer shell was a dielectric able to provide gain that is uniformly distributed across the structure. The dielectric function in the metal (gold or silver) was taken from Ref. 14. The dielectric function in the dielectric, , was assumed to have an additional negative imaginary term responsible for gain.
In order to calculate the threshold gain for lasing one needs to consider the characteristics of the eigenmodes of the structure in the presence of gain. To this aim we evaluated the resonance frequencies of the dipolar and higher modes by finding nontrivial solution of the Maxwell's equations that is finite at the centre of the core and far from the centre contains only the outgoing wave that tends to zero at infinity. The lasing frequency is determined by solving a system of equations derived from matching the tangential components of the electric and magnetic fields at the boundaries of the inner and outer surface of the spherical shell, in a way similar as in References 34 and 35. This matching is possible only for selected values of the wave vector of the spherical wave, which specifies the threshold lasing condition for the real and imaginary part of a dielectric function, at each frequency.
The value of the refractive index of a dielectric at zero gain determines the eigenmode frequency where lasing is possible for a given structure geometry. This is illustrated in Figure 3 b Figure 3 b have been carried out for the nanoparticle geometry identical to that reported by Noginov 36 . The lasing is taking place in a dipolar mode and we note that our predictions of the lasing wavelength for this geometry (527.3 nm) corresponds closely to 531 nm measured in Noginov's experiment.
Supported with this experimental validation of our model we have extended our simulations to other similar geometries within the experimentally achievable range of sizes. In these simulations we used both gold and silver while the refractive index of the gain medium was taken as that of silica 11 . The geometries discussed here are listed in Table 2 . Table 2 . Details of the examined nanostructure geometries, all with SiO 2 shells and their lasing characteristics.
The first geometry with a 14 nm diameter core (d=14 nm) and a silica shell with thickness t=15 nm is identical to that shown to lase in Ref. 36 . The value of threshold gain for this structure is predicted to be 9.77x10 4 cm -1 . The conditions for lasing are somewhat more favorable in structures with a large core diameter and a thicker shell (d=50 nm and t=50 nm, respectively), where the threshold gain of 6.97x10 4 cm -1 is found. Here the lasing mode spreads out over a thicker shell and its smaller fraction extends over the lossy core region compared to the previous geometry (d=14 nm, t=15 nm). For this large structure the lasing wavelength is also comparatively longer (542.8 nm). This longer lasing wavelength is further away from the energy-dissipating interband transitions in the metal, hence favorable influence on the laser threshold. The inspection of the nanoparticles with Ag core leads to somewhat different observations. The structure with d=14 nm, t=15 nm is lasing in a dipolar mode, at a much shorter wavelength of 399.9 nm than the corresponding Au core structure, with a very small threshold gain of 1.19x10 4 cm -1 . This is due to smaller losses in Ag than in Au. However even a small increase of the core diameter, to 30 nm, changes the lasing mode from dipole into the quadrupole, with further decrease of the lasing wavelength to 378.7 nm, and increased threshold gain to 1.43x10 4 cm -1 . This mode switch is induced by the fact that in the quadrupole mode the electric field is concentrated rather in the outer part of the metal core, which lowers the losses. Upon further increase of core and shell size, to d=50 nm, t=50 nm the lasing continues in the quadrupole mode and the lasing wavelength increases to 383.3 nm while the threshold gain decreases somewhat, to 1.25x10 4 cm -1
(data not shown).
Our results show that all the examined nanoparticles are capable of lasing, provided the threshold gain g can be achieved by using suitable fluorophores. Silver core appears especially favourable for lasing as, due to smaller losses in Ag than Au, the threshold gain for silver is about one order of magnitude lower than in gold with values between 1. 
CONCLUSIONS
This work is concerned with Ag-core/silica-shell nanocomposites with an Eu-chelate BHHCT-Eu-DPBT introduced into a well defined external region of the silica shells of Ag/SiO 2 core-shell nanostructures. These plasmonic nanoparticles of spherical geometry (50-100 nm in diameter) are too small to accommodate whispering gallery modes, but they support dipolar, quadrupolar and higher modes of electromagnetic field. They also concentrate and enhance field in their proximity, modifying the local density of states, and inducing the Purcell effect. We have observed this effect through enhancement of fluorescence and lifetime reduction of Eu fluorophores introduced into the outer layer of the silica shell. The Fermi Golden Rule, rewritten in the Purcell formalism has been used to interpret the results. The Purcell formalism is particularly convenient as it makes it possible to separate out the effects that relate to the nanostructure geometry from those that are related to the fluorophore. Numerical simulations of the Q factor and mode volume of the plasmonic core-shell nanocomposite particle, within the Mie theory and by the finite element revealed a very high Purcell factor of the cavities alone (> 4000) and a smaller effective Purcell factor when the fluorophore properties such as nonradiative recombination are taken into consideration.
Finally, we described how to calculate the lasing frequency of composite core-shell noble metal-dielectric nanoparticles. We examined several core shell geometries with varying sizes and established trends for the lasing frequency and threshold gain.
Optical cavities interacting with two-level systems are intensely studied in classical, quantum optics and nanooptics, especially in the high Purcell factor regime. Our work demonstrates that metal/dielectric core shell structures, with their moderate Q and ultrasmall mode volumes offer a technically simple and appealing alternative to high Q micropillar and photonic crystal cavities. Such structures can serve as a testing ground for fundamental studies of interactions between light and matter, and they show enhanced fluorescence and modified fluorescence lifetimes, important for applications. We can then expect interesting possibilities for the application of these and similar composites as novel light sources.
